Absorption spectra of closed-shell Na2, Na + 3 , Na4, Na + 5 , Na6, Na + 7 , and Na8 clusters are calculated using a recently implemented conserving linear response method. In the framework of a quasiparticle approach, we determine electron-hole correlations in the presence of an external field. The calculated results are in excellent agreement with experimental spectra, and some possible cluster geometries that occur in experiments are analyzed. The position and the broadening of the resonances in the spectra arise from a consistent treatment of the scattering and dephasing contributions in the linear response calculation. Comparison between the experimental and the theoretical results yields information about the cluster geometry, which is not accessible experimentally. 
I. INTRODUCTION
The electronic configuration of small metal clusters is closely connected with their geometrical, chemical and optical properties 1 . Different aspects of this interrelation for small metal clusters have been extensively studied experimentally 2-12 and theoretically . For instance, the measured photoabsorption cross section of mass-selected clusters yields important information about the interplay between the underlying nuclear configuration and the electronic structure. However, the geometry of the clusters in the gas phase is not directly accessible in experiments. Ab initio theory can help to determine the structures by choosing, among many possibilities, the most stable geometrical configuration, for which the calculated absorption spectrum is in good agreement with the experimental results.
Early theoretical attempts to understand the nature of electronic correlation in small alkali-metal clusters are based on the shell 13 and density functional theory (DFT)-based jellium [14] [15] [16] [17] models. Quantum molecular approaches based on the Configuration Interaction (CI) procedures are powerful theoretical tools capable of yielding accurate electronic excited states and important information about the nature of the optically allowed transitions between them. The multi-reference single and double excitation CI has been successfully used to account for the dominant features of the absorption spectra of small sodium clusters [19] [20] [21] [22] [23] , calculated from the oscillator strength of the transitions between the ground and the excited states. Also, time-dependent (TD) DFT methods are widely employed to compute the photoabsorption cross sections of small metal clusters, with various levels of sophistication for the exchange-correlation functional [24] [25] [26] [27] [28] [29] . A different way to compute optical spectra is to make use of the quasiparticle picture, where a typical photoabsorption process involves an incoming photon and the transition of an electron from an occupied to an empty quasiparticle state. The determination of the cross section can be achieved by a calculation of a generalized "four-point" (i.e., two-particle) electron-hole correlation function, which obeys a Bethe-Salpeter equation (BSE) [30] [31] [32] [33] [34] . In practice, this is usually done in a two-step calculation: first the DFT or Hartree-Fock (HF) single-particle states are used as input into a GW-like procedure to obtain the quasiparticle corrections to the Kohn-Sham or HF ground-state eigenvalues 35, 36 . Then a two-particle BS effective equation with a screened direct and an unscreened exchange electron-hole interaction is solved. While the first step properly describes charged excitations (i.e., electron removal or addition, specific to direct or inverse photoelectron experiments), the second step accounts for neutral excitations (i.e., electron-hole pair creation, specific to photoabsorption experiments). A comprehensive comparison between the TDDFT and the GW+BSE approaches can be found in Ref. 32 . To facilitate the numerical procedure, the screened Coulomb interaction, which is obtained in the GW step and which enters the BSE, is most often taken to be the statically screened Coulomb interaction. This simplification allows one to cast the effective two-particle BSE in the form of an energy-independent eigenvalue problem, which yields the excited states corresponding to neutral excitations of the system. As in the case of CI, the optical absorption cross section is then determined by the oscillator strengths of the transitions to the excited states, and a phenomenological parameter for the resonance peak broadening is added in order to compare the calculated spectra with the shapes of the experimental peaks. This phenomenological time for the individual transition mimics the combination of thermal broadening and electron lifetime.
We have developed, in a quasiparticle picture, an alternative method to determine the photoabsorption spectra of small sodium clusters. We employ a firstprinciples based linear response calculation for the dynamical electron-hole correlation function in the presence of an external potential. Although we do assume a "background" quasiparticle lifetime, the finite width of the absorption peaks contains electron-hole correlation contributions beyond a mere convolution of singleparticle lifetimes. A novel aspect of our approach is that we use a quantum kinetic equation for the electron-hole correlations driven by an external coherent optical field to obtain a closed equation for the two-particle BSE without the need of a four-point correlation function. Technically, we include mean-field HF contributions (accounting for direct and exchange bare Coulomb interaction) together with correlation contributions beyond mean-field, described by complicated integral kernels. An important difference from the two-step GW+BSE approaches mentioned above is that we do not include correlations on the single-particle level and then solve the BSE with an effective two-particle interaction described in terms of a simple integral kernel. Instead, we follow the original prescription of deriving conserving approximations for transport equations by Baym and Kadanoff. We thus obtain a BSE for the electron-hole correlation function that is consistent with the electronic single-particle properties 37 . This type of conserving approach (in the sense of Baym and Kadanoff) avoids possible problems of doublecounting correlation contributions which may arise in a two-step GW+BSE-like calculation due to the separate treatment of single-and two-particle correlations. As already shown by Baym and Kadanoff, such a conserving approach fulfills important sum-rules by construction. For instance, the particle-number conservation law for the electron-hole correlation function, which can be read as a sum rule for the absorption cross section in finite systems, serves as a check of our numerical calculations.
II. THEORY
The BS approach employed to calculate the absorption spectra is described in detail in Refs. 38 and 39, and is briefly reviewed in the following. The central quantity of this approach is the retarded density-density correlation function χ r (r, t; r ′ , t ′ ), which describes the linear response of the system to an external potential U ( r, t). For finite systems, we use the matrix element
in a basis of HF eigenfunctions {ϕ n (r)}. Here, n labels the HF spin orbital, and ρ n2n1 (t) = c † n2 (t)c n1 (t) with the annihilation (creation) operators c n (c † n ) for an electron in HF orbital ϕ n . In linear response, the electronic distribution functions ρ nn are unchanged, and the only nonzero elements in Eq. (1) are those with indices that pair occupied and unoccupied states, i.e., Eq. (1) is the electron-hole correlation function.
The photoabsorption cross section is calculated from the Fourier transform of the imaginary part of χ r according to
3 r are the electric dipole matrix elements in the molecular orbital representation and e is the electron charge.
The two-particle BS equation for χ r is
with the correlation kernel
In Eqs. (3) and (4) f n = ρ nn are the level occupation numbers assumed to be equilibrium Fermi-Dirac distributions at T = 0 K. The bare Coulomb matrix element is defined by
The denominators in the expression for the correlation kernel (4) contain the quasiparticle energies including an inverse lifetimeε n = ε n + iγ n . In principle, one can use forε n the results of a quasiparticle calculation such as a GW calculation 38, 40, 41 , but here we employ the HF energies and a constant broadening for all states whose magnitude is in agreement with GW calculations. We stress that introducing a fixed quasiparticle lifetime for the calculation of ∆(ω) does not mean that the broadening of the resonances in χ r is given by this value. Rather, the resonance broadening, which is responsible for the finite width of the peaks in the absorption spectrum, is due to the imaginary part of the full correlation contribution ∆(ω). The real part of ∆(ω) yields the shift in the resonance energies. Both effects, renormalization and broadening of the χ r (ω) spectrum, are thus related. Equation 3 for the electron-hole correlation can be solved at different levels of approximation. Neglecting all Coulomb interactions and setting
one obtains for χ r the independent particle (Lindhard) result
Including direct Coulomb matrix elements, exchange elements and correlation contributions in that order, Eq. (3) resembles a BSE in the ladder approximation (denoted by BS-L in the following) plus exchange (BS-LX) and correlation terms (BS-LXC), respectively 38 . Recall that we use loosely here the term BSE for Eq. (3), even though the BSE is usually written for the four-point generalization of χ.
III. PHOTOABSORPTION SPECTRA OF SMALL NA CLUSTERS
In this section we discuss photoabsorption spectra of closed-shell Na 2 , Na + 3 , Na 4 , Na + 5 , Na 6 , Na + 7 , and Na 8 clusters. The numerical results are calculated according to Eq. (2) and compared with experiment. We choose clusters with closed-shell configurations with an even number of electrons, for which all molecular orbitals are doubly occupied or empty. Moreover, Na 2 , Na + 3 , and Na 8 are magic-number clusters, for which the number of valence electrons equals the spherical-shell closingnumbers 2 and 8, respectively 6 . The electron-hole correlation function is determined by solving Eq. (3) with the correlation kernel (4) .
To obtain the equilibrium (T = 0 K) geometrical configuration, we perform a structural optimization using the HF approximation, which yields the singleparticle ground state energies and wave functions. For the Na atoms we use the lanl2dz basis set (doublezeta set with relativistic Los Alamos effective core potential) 42 , in which the 3s 1 valence electron of each Na atom is represented by contracted Gaussian-like atomic orbitals (3s3p/2s2p) while the contribution of the core electrons is treated using effective core potentials (ECP). To test the stability of our results with respect to the basis set used in the calculations, we have also performed calculations with six other basis sets:
SHC (Goddard/Smedley ECP) 43 , CEP-4G (minimal set and Stephens/Basch/Krauss ECP), CEP-31G (split valence set) and CEP-121G (triple-split basis set) 44 , LanL2MB (MBS set and Los-Alamos ECP) 42 , and SDDall (double-zeta set and Stuttgart/Dresden ECP) 45 . For larger basis sets such as lanl2dz, SHC, CEP-121G and SDDall the Na-Na distances vary by less than 1% at the end of the geometry optimization, and the peak positions of the absorption spectra differ by less than 0.1 eV. For smaller basis sets the Na-Na distances vary at most by 0.3Å while the peak positions have deviations of less than 0.3 eV. Overall, a good comparison with experiment is found for lanl2dz, and in the following we refer only to results obtained using this basis set. When the absorption spectra are calculated from the density-density correlation function obtained in the Lindhard, BS-L and BS-LX approximations, we use a constant broadening Γ = 0.03 eV in Eq. (6). When correlation terms ∆ are included in the calculations we use for the quasiparticle inverse lifetime the value γ = 0.15 eV in Eq. (4). Within the present approach, the computed spectra should fulfil the f -sum rule for finite systems dω ω n1...n4
× Im n 2 n 1 |χ r (ω)|n 3 n 4 = − 2 π m N e for the conserving BS-LX and BS-LXC approximations, Here, m is the electron mass and N e is the total number of electrons in the system. Equation (8) is equivalent to the Thomas-Reiche-Kuhn sum rule for the absorption cross section and is directly related to the particle number conservation law 38 . For our results, Eq. (8) is numerically checked and the f -sum rule is fulfilled to better than 99%.
Calculated photoabsorption spectra for Na 2 are shown in Fig. 1 and compared to experimental data. Only when correlations are included in the computation of χ r , the theoretical spectrum reproduces the experimental absorption peaks which occur around 1.97, 2.55, and 3.75 eV. The pronounced difference between the BS-LX and the BS-LXC results (for the same ground-state cluster geometry which is optimized) shows the importance of electronic correlation contributions to the absorption spectra. In Fig. 2 calculated and experimental results are shown for Na + 3 . Again, the theoretical spectrum resolves both the larger experimental peak at 2.62 eV as well as the smaller peak at 3.33 eV only when correlations are taken into account. Without correlation contributions, the BS-LX approximation incorrectly describes the positions of the peaks.
FIG. 2. Experimental and calculated absorption spectra of Na
In the case of Na 4 , the BS-LX and BS-LXC approximations yield peaks in the absorption cross section that are energetically close, as can be seen from the panel (b) of Fig. 3 . However, the inclusion of correlation effects results in a better agreement with the experimental spectrum shown in panel (a) of Fig. 3 , for which the main peaks are centered around 1.8 and 2.5 eV. Panel (c) shows the calculated spectra corresponding to the Lindhard and the BS-L approximation for χ r . These approximations yield completely different peak positions that are red shifted with about 2 eV. Moreover, the f -sum rule is not fulfilled for the Lindhard and the BS-L approximations, due to the inconsistency between the single-and the two-particle quantities used. To investigate possible geometries of the clusters that TABLE I. Ground-state total energies (in eV) of the Na + 5 , Na6, Na + 7 , and Na8 clusters for several optimized geometrical structures (shown in the panels (b) and (c) of Figs. 4, 5, 6, and 7, respectively). The configuration with the lowest energy corresponds to the most stable geometry. Na
Na6 Na may play a role under typical experimental conditions, we consider four different symmetries for Na
, and D 3h . In Fig. 4 we present spectra calculated in the BS-LXC approximation for each symmetry, and compare them to experiment. As can be seen from the panels (b) and (c) of Fig. 4 , the cluster structures which yield the best agreement to the measured cross section correspond to the D 2d and C 2v symmetries. They best resolve the experimental peaks at 2.2, 2.7, and 3.3 eV. The D 2d and C 2v have similar total ground state energies (0.13 eV difference), and are energetically more stable than the D 3h and C 4v structures. In an experiment, at finite temperature, it is possible that both the C 2v and the D 2d clusters are responsible for the shape of the individual peaks, but a clear distinction between the weight of the contribution of each cluster is not possible with a T = 0 K theory. For Na 6 we have also investigated four different symmetries of the cluster structure: planar, C 5v , C 2v , and D 4h . From Fig. 5 one can see that the cross section of the planar and the C 2v geometries agree best with the experimental spectrum. The energetically most stable structure is the planar Na 6 . The planar structure overestimates by 0.1 eV the position of the dominant experimental peak at 2.1 eV. It resolves the peak around 2.7 eV, but predicts another peak at 1.75 eV, which is not present in the experimental spectrum. In the case of the C 2v cluster, the most prominent peak agrees well with the experimental peak at 2.1 eV, while the position of the smaller experimental peak around 2.7 eV is underestimated by the calculation by 0.2 eV. In Fig. 6 we show a comparison between the experimental and the theoretical absorption spectra of Na + 7 , calculated for two different clusters of C 2v symmetries and also for the D 5h and C 3v geometries. The structure with the most stable energetic configuration is the D 5h , which also reproduces well the 2.4 and 3.3 eV experimental peaks, although with a small offset of 0.1 eV. The experimental peak at 2.4 eV is well reproduced by the structures from panel (c) of Fig. 6 , while the C 2v structure from panel (b) resolves well the experimental peak at 2.65 eV.
FIG. 6. Experimental and calculated absorption spectra of Na
The measured spectrum of the Na 8 cluster in Fig. 7 exhibits a single broad peak extending from 2.2 to 2.8 eV. has the lowest ground state energy) and the D 2h structures from panel (c) yield several photoabsorption resonance peaks that lie in the same energy interval as the measured spectra. Therefore, different possible configurations of the cluster geometries and finite temperature might be responsible for the strongly broadened experimental line. However, as mentioned above, it is not possible to assign a clear weight for each individual structure computed for T = 0 K. At finite temperatures phonons are present and the eigenmodes of these vibronic states do not only broaden the peaks, but they may also alter the selection rules, leading to new peaks in the absorption spectra 48, 49 . Summarizing, the calculated BS-LXC spectra presented here are in very good agreement with the measured photoabsorption cross sections, given the potential problems for experiment-theory comparisons which are due to the unknown cluster structures, finite temperature and inhomogeneous broadening effects that tend to wash out the intrinsic spectral features of the resonances.
IV. CONCLUSIONS
The absorption spectra of small closed-shell Na clusters were calculated by means of a linear response approach for the electron-hole correlation function, defined as the functional derivative with respect to a weak external perturbation of the non-equilibrium single-particle density matrix. We numerically solved a Bethe-Salpeter-like equation for electron-hole correlation that obeys physical conservation laws by construction. In particular, we numerically checked that the f -sum rule is fulfilled to better that 99%. We found that correlations effects beyond the mean-field limit need to be included in the calculations in order to properly account for the positions and the widths of the resonance peaks. In the present approach, the finite broadening of the photoabsorption lines is attributed to the correlations between the interacting quasielectrons and holes with a finite lifetime.
The computed cross sections of the clusters displayed an overall good agreement with the measured spectra with respect to the positions and the shapes of the photoabsorption lines. For the smaller clusters Na 2 -Na 3 we found the geometrical configurations that yield theoretical spectra in excellent agreement with the experiment. For the larger clusters Na + 5 -Na 8 we have considered different energetically stable geometries, in order to account, within a T = 0 K theory, for finite-temperature effects which are unavoidable in experiments. We were able to pinpoint the cluster geometries likely present in the experiments, where the structure cannot be directly obtained.
